In this paper, controllability results for a class of semilinear control systems of fractional order are established. The nonlinear term is assumed to have an integral contractor which is a weaker condition than the Lipschitz continuity. The existence and uniqueness of mild solution is also proved.
Introduction
The fractional calculus deals with generalizations of ordinary differentiation and integration of fractional, that is, arbitrary order. Fractional order semilinear equations appear in abstract formulations for many problems arising in physical phenomena. The potential applications of fractional calculus tools are in diffusion process, electrical engineering, electrochemistry, viscoelasticity, control theory, electromagnetic theory, etc. For more details, see e.g. [7, 10, 13, 14, 16, 18, 19, 20] and the references cited therein.
The existence of solutions of fractional order systems was already discussed in several papers. Using the nonlinear alternative Leray-Schauder theorem and some fractional integral inequalities the solvability for a large class of nonlinear fractional integro-differential equation was shown in Aghajani et al. [1] . Bazhlekova [5] obtained the existence and uniqueness of the solution of a nonhomogeneous differential equation in Hilbert space, which is based on the theory of sums of accretive operators. Some topological properties of the solution set for an initial value problem were studied in Chalco-Cano et al. [6] . The theory of existence of mild solutions for semilinear fractional differential equations with nonlocal condition was established by Li et al. [17] .
As in the case of first and second order systems, the study of various types of controllability is important for fractional order systems also. For instance, in order to find the optimal control of a system it is mandatory that it is controllable. Some results on exact controllability for fractional order systems can be seen in [2, 8, 21, 24] among others, and on boundary controllability in [3] . In these papers, the main tool used by the authors is to convert the controllability problem into a fixed point problem with the assumption that the controllability operator has an induced inverse on a quotient space. In [3, 21, 24] , the authors made an assumption that the semigroup associated with the linear part is compact. However, it should be stressed here that if the control action operator B or the C 0 -semigroup T (t) is compact, then the controllability operator is also compact and hence inverse of it does not exist if the state space V is infinite dimensional [22] .
The notion of integral contractor was first introduced by Altman [4] and later on it was used by many authors to study the existence and uniqueness of solution for nonlinear evolution systems, see [15, 23] and the references cited therein. In [11] sufficient conditions to the approximate controllability of a non-autonomous (time-varying) semilinear system were obtained by using the concept of bounded integral contractor. In [12] the existence and uniqueness conditions to the mild solution of the nonlinear third order dispersion system were proved when the nonlinear function has regular integral contractor along with some additional assumptions. Later on sufficient conditions to the exact controllability were obtained when the nonlinear function has regular integral contractor and the integral contractor constant is sufficiently small.
To the best of author's knowledge, there is no paper in literature on exact controllability of fractional order semilinear control systems so far, in which the notion of integral contractor is used. This fact is the motivation of the present paper. The main objective of this paper is to provide different sufficient conditions to the exact controllability of fractional order semilinear system using the method of regular integral contractor. In particular, the compactness of the C 0 -semigroup generated by the linear part is dropped.
The paper is organized as follows: in Section 2, we present some basic definitions and lemmas as preliminaries. In Section 3, the existence and uniqueness of mild solution is proved. Sufficient conditions for exact controllability are established in Section 4.
Preliminaries
In this section some basic definitions and lemma, which are useful for further developments, are given. Definition 2.1. A real function f (t) is said to be in the space C α , α ∈ R iff there exists a real number p > α, such that f (t) = t p g(t), where g ∈ C[0, ∞[ and it is said to be in the space
where Γ is the Euler gamma function.
and m is a positive integer, then we can define the fractional derivative of f (t) in the Caputo sense as
be the mild solution of (1.1) iff it satisfies
is the probability density function defined on (0, ∞), that is φ α (θ) ≥ 0, and
is a bounded continuous operator and there exists a positive number λ such that for any x, y ∈ C, we have
Then γ is known as the integral contractor for the function f . Definition 2.7. A bounded integral contractor γ is said to be regular if the integral equation
has a solution y ∈ C for every x, z ∈ C. 
Existence and Uniqueness of Mild Solution
In this section, the existence and uniqueness of mild solution of the semilinear system (1.1) is proved under the following condition:
(H1) The nonlinear function f (t, x) has a regular integral contractor γ.
Theorem 3.1. If the condition (H1) holds, then the fractional order semilinear control system has a unique mild solution.
P r o o f. Consider the iteration technique to construct the sequences {x n } and {y n } in C. Define for n = 0, 1, 2, · · ·
Applying Definition 2.6 with x(t) = x n (t) and y(t) = −y n (t), we get
After a slight modification, we obtain
Repeating the above argument successively, we get
. Clearly, the series Σ ∞ n=0 β n is convergent. However, this is a well known result that the limit Σ ∞ n=0 β n = E α (λM τ α ) is the value of the Mittag-Leffler function of order α at the point λM τ α (see [9] , [16] for more details on the Mittag-Leffler function). Since the RHS is a constant, by taking supremum over 0 < t < τ on the LHS, we conclude that {y n } converges to 0 in C and hence in V as n → ∞. We now show that {x n } converges to the mild solution of the fractional order system (1.1). For the constructed sequence, we have
Taking norm on both sides, we have
For a given positive integer m such that m < n, we have
Clearly the right hand side of the above inequality is the tail of a convergent series. Thus {x n } is a Cauchy sequence in C and hence converges uniformly to x * (say) in C. Hence we obtain
which implies that
This shows that x * (t) is the mild solution of (1.1). Now using the regularity of the integral contractor we prove the uniqueness of mild solution. For this, let x 1 and x 2 be two mild solutions of the fractional order system (1.1) with a given control u ∈ Y . By the regularity condition (2.2) with x = x 1 and z = x 2 − x 1 , there exists a y ∈ C such that
Hence
Since x 1 and x 2 be the mild solutions of the fractional order system (1.1) with a given control u ∈ Y , we have
From (3.3) and (3.4), we get
Taking norm on both sides and using the definition of integral contractor with x = x 1 , we get
By Grownwall's inequality, one can see that y(t) V = 0 which implies that x 1 = x 2 . Thus the solution mapping is well-defined. This completes the proof of the theorem. 
Controllability Results
Now we prove the exact controllability of the semilinear system (1.1). For this consider the following assumptions: The mild solution of (4.5) is given by
Also, consider the following perturbed semilinear system
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Bu(t) = Bv(t)−f t, y(t)
The above equation holds due to condition (H3). The mild solution of (4.6) is given by
Thus, we obtain
)(γ(η, x(η))(y − x))(η)dη) − f (s, x(s)) − γ(s, x(s))(y − x)(s) ds
+ t 0 (t − s) α−1 T α (t − s)
γ(s, x(s))(y − x)(s)ds.
Taking norm on both sides and using the definition of integral contractor, we have
This implies that
Hence the Gronwall inequality implies that y(t) = x(t) for all t ∈ [0, τ]. Therefore equation (4.7) implies that
Bu(t) = Bv(t) − f (t, y(t)
). This is known as feedback control. Now, since every solution of the linear system (4.5) with control v is also a solution of the perturbed semilinear system (4.6) with control u. Therefore, K τ (f ) ⊃ K τ (0). Since linear system is exact controllable (by (H2)), it follows that K τ (0) is equal to the whole space V . Thus K τ (f ) is also equal to V . Hence the semilinear control system (1.1) is exactly controllable.
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